Multi-Pivot Quicksort

and
How to Compute Precise Asymptotics

Daniel Krenn
[he/him]

PARIS

’ \‘LODRON }
ﬂ@ UNIVERSITAT
5

SALZBURG

June 18, 2024 &

icensed under a Creative Commons
ercial-ShareAlike 3.0 Unported License.



Classical Quicksort
€000

Quicksort & Quickselect

unsorted

Multi-Pivot Quicksort Daniel Krenn



Classical Quicksort
€000

Quicksort & Quickselect

p unsorted

@ choose a pivot element (p

Multi-Pivot Quicksort Daniel Krenn



Classical Quicksort
€000

Quicksort & Quickselect

p unsorted

@ choose a pivot element (p
@ partition into
e | small elements

o large elements

Multi-Pivot Quicksort Daniel Krenn



Classical Quicksort
€000

Quicksort & Quickselect

p unsorted

@ choose a pivot element (p
@ partition into
e | small elements

o large elements

@ proceed recursively

Multi-Pivot Quicksort Daniel Krenn



Classical Quicksort
0000

Quicksort: Recurrence Relation

@ number of key comparisons C, (random variable)



Classical Quicksort
0000

Quicksort: Recurrence Relation

@ number of key comparisons C, (random variable)
o J ... number of elements smaller than pivot (random variable)

Cn: n—1 + CJ + Cn—l—J



Classical Quicksort
0000

Quicksort: Recurrence Relation

@ number of key comparisons C, (random variable)

o J ... number of elements smaller than pivot (random variable)
CG= n—-1+ G+ Gy E
a=EGC)= n—1 + ZP ) (E(G) +E(Ca-1-j))
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Classical Quicksort
0000

Quicksort: Recurrence Relation

@ number of key comparisons C, (random variable)
o J ... number of elements smaller than pivot (random variable)

Ch= n—1+ G+ Gy E

aw=E(C)= n—-1+ ZP(J 7) (E(G) +E(Ca-1-))

—1 =cj =Cph—1—j
=1 i n—1—j

n—1
2
n= n-1+°Y g
C n nj:OCJ

n—1
nc, =n(n—1) + ZZCJ-, =0

Jj=0

.recurrence relation for expected value ¢, = E(C,)
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Generating Function for Quicksort

@ generating function C(z) = Z cnz"

n>0
n—1
nc, = n(n—1) + 2 Z G
j=0
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Classical Quicksort
00®0

Generating Function for Quicksort

@ generating function C(z Z CnZ
n>0
n—1
nc, = n(n—1) + 2 Z g |-zt Z
Jj=0 n>1
I YL SRR vl ol [
n>1 n>1 n>1
Z nc,z" ' =2y n(n—1)z""7? + 222" Z G
n>1 n>2 n>0 j=0
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Classical Quicksort
00®0

Generating Function for Quicksort

@ generating function C(z Z CnZ
n>0
n—1
nc, = n(n—1) + 22 g |-zt Z
j=0 n>1
ch,,z" = Z n(n—1) "1—1—2222":L ZCJ Ve
n>1 n>1 n>1
chnz" =z) nn—1)z"72 + 222" icj 7
nz1 n>2 n>0 j=0
_ z \" C(z)
C/(Z)_ z(l—z) + 21—2
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Classical Quicksort

[e]e] e

Generating Function for Quicksort

@ generating function C(z Z CnZ
n>0
n—1
nc, = n(n—1) + 2 Z g |-zt Z

Jj=0 n>1

ch,,z" = Z n(n—1) "1—1—2222":L ZCJ Ve

n>1 n>1 n>1

chnz" =z) nn—1)z"72 + 222"

C/(z): z( z )H +

@ explicit formula

2Io 11—z
ch _ g( )

_ )2
n>0 Z)
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Asymptotic Analysis of Quicksort

Generating Function for Quicksort

B n 2log(l—2z) 2 2
C@A=) "= 7 G- 1z

n>0
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Classical Quicksort
000e®

Asymptotic Analysis of Quicksort

Generating Function for Quicksort

B n 2log(l—2z) 2 2
C@A=) "= 7 G- 1z

n>0

U singularity analysis U

Expected Number of Key Comparisons

¢n =2nlogn+ (2y —4)n+2logn+ (2y+ 1)+ O(1/n)
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Dual-Pivot Quicksort
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Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
@ partition into

e | small elements

e medium elements

o large elements

@ proceed recursively
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Average Number of Key Comparisons

@ partitioning
e “classical” ~» n—1

@ quicksort
e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
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Dual-Pivot Quicksort
0®000

Average Number of Key Comparisons

@ partitioning
e “classical” ~» n—1

@ quicksort
e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
e “Yaroslavskiy—Bentley—Bloch” ~» 1.9nlog n — (2.46...)n+ O(log n)

[Wild-Nebel 2012]
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Dual-Pivot Quicksort
0®000

Average Number of Key Comparisons

@ partitioning
e ‘“classical” ~» n—1
e “optimal dual pivot” ~» 1.5n+ 0.25log n + O(1)

[Aumiiller-Dietzfelbinger 2014,
Aumiiller-Dietzfelbinger-Heuberger-K—Prodinger 2016]

@ quicksort

e “classical” ~» 2nlogn — (2.84...)n+ O(log n)
e “Yaroslavskiy—Bentley—Bloch” ~» 1.9nlog n — (2.46...)n+ O(log n)

[Wild-Nebel 2012]

e “optimal dual pivot” ~» 1.8nlogn —(2.38...)n+ O(log n)
[Aumiiller-Dietzfelbinger 2014,
Aumiiller-Dietzfelbinger-Heuberger-K—Prodinger 2016]
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Dual-Pivot Quicksort
0000

Overview

@ C, number of key comparisons
using multi-pivot quicksort
to sort a list with n elements

@ What is the optimal multi-pivot strategy?

@ Precise analysis of
expected value of C,?
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Yaroslavskiy—Bentley—Bloch Partitioning Strategy

/\ N\
/\ /\

medium  large small | medium

small
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Dual-Pivot Quicksort
000®0

Yaroslavskiy—Bentley—Bloch Partitioning Strategy

/\ N\
/\ /\

medium  large small | medium

small

@ comparison of element with pivots:

e previously seen a | small element | ~~ smaller pivot / p | first
(e previously seen a medium element ~~ smaller pivot [ p | first)

e previously seen a large elements ~- larger pivot [ g | first
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Dual-Pivot Quicksort
0000®

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more [small elements ~- smaller pivot ' p | first
e seen more large elements ~- larger pivot | g | first

(e equality ~» choice: smaller pivot [ p | first)

Multi-Pivot Quicksort Daniel Krenn



Dual-Pivot Quicksort
0000®

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more [small elements ~- smaller pivot ' p | first
e seen more large elements ~- larger pivot | g | first
(e equality ~» choice: smaller pivot [ p | first)

@ comparison trees:

N\ N\

small q p large
medium  large small = medium

choose this tree if choose this tree if

#small | > #large #small | < +#large

Multi-Pivot Quicksort Daniel Krenn



Analysis
©0000000

Optimal Partitioning Strategy “Count"™=The Analysis

—1 4 \.\ /.\ / small element
2 4 \( \./ medium element

(skipped)

large element
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Optimal Partitioning Strategy “Count"™=The Analysis

—1 4 \.\ /.\ / small element

+1 +1

2 4 \( \./ medium element

(skipped)

large element

+1 additional comparison
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Analysis
©0000000

Optimal Partitioning Strategy “Count"™=The Analysis

-1 \.\ /.\ / small element
—2 \( \./ medium element

(skipped)

large element

+1 additional comparison

@ partitioning cost

: el
P,=1+ %(n -2)+ % #medium + — % #large — | #small
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Analysis
©0000000

Optimal Partitioning Strategy “Count"™=The Analysis

-1 \.\ /.\ / small element
—2 \( \./ medium element

(skipped)

large element

+1 additional comparison

@ partitioning cost

: el
P,=1+ %(n -2)+ % #medium + — % #large — | #small

A L
° ~+ analyze up-from-zero situations
A
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Symbolic Decomposition of Our Lattice Paths

@ symbolic equation
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Analysis
0®000000

Symbolic Decomposition of Our Lattice Paths

@ symbolic equation

d
U
@ translates to generating function
Qa(z,u) = 1 S(ZZZZClzlz) - 1\/—|d\|/(2:L(2JL‘/—2)1) with z = Tvﬂ
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Getting the Double Sum

@ expected number of zeros

N 5z )],y 2 o
Hnd = [Z"]Qd(z, 1) (Z kZ:O ( )

with £ = Z(n — |d|)
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Analysis
00®00000

Getting the Double Sum

@ expected number of zeros

N 5z )],y 2 o
Hnd = [Z"]Qd(z, 1) (Z Z < )

k=0

with £ = Z(n — |d|)

@ sum over all d
@ expected number of zeros

E(X,) = % Z Q + [n even]

1 0<k<t<[n/2] ( )

L((j;:) ) 1)
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Analysis
00®00000

Getting the Double Sum

@ expected number of zeros

N 5z )],y 2 o
Hnd = [Z"]Qd(z, 1) (Z Z < )

k=0

with ¢ = (n —|d])

@ sum over all d
@ expected number of zeros

S (+) 1 (2
E(X,) = —— L + [n even — — 1
0 n+1 0<k<t<[n/2] ( ) . | n+1 <("/2) )

Simplify?—Asymptotic behavior? I
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The Identity

Sy @bl )4-997

0<k<t<[n/2) (®) n+1
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Analysis
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The Identity

Sy @bl )4-997

0<k<t<[n/2) (®) n+1

@ computational proof with Sigma
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Analysis
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The Identity

Theorem (ADHKP 2016)

4 (k) , [n even] ( 2" ) liodd] | oud
7o 0<k<t<[n/2] (13) mFd (n/2) = !

@ computational proof with Sigma

e ~> returns a single sum
e ~~ proof certificate: yes, but ...
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Analysis
000®0000

The Identity

Theorem (ADHKP 2016)

4 7 n even 2n T 1i odd o
i, 20t e (g ) - g

0<k<t<[n/2] \£ /2 i=1

@ computational proof with Sigma

e ~> returns a single sum
e ~~ proof certificate: yes, but ...

@ use creative telescoping
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Analysis
000®0000

The Identity

Theorem (ADHKP 2016)

n+1

& Z (_f))+M((fnn)_1)+lzz[i0idd]: row-(ﬁ

n+1 0<k<t<[n/2] (13) n+1 /2 i=1

@ computational proof with Sigma

e ~> returns a single sum
e ~~ proof certificate: yes, but ...

@ use creative telescoping

@ elementary “human” proof
(via Vandermonde's convolution)

Daniel Krenn
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The Identity

Theorem (ADHKP 2016)

4 (k) , [n even] ( 2" ) liodd] | oud
7o 0<k<t<[n/2] (13) mFd (n/2) = !

@ computational proof with Sigma

e ~> returns a single sum
e ~~ proof certificate: yes, but ...

@ use creative telescoping

@ elementary “human” proof
(via Vandermonde's convolution)

@ combinatorial proof

Daniel Krenn
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Summing Up

@ up-form-zero situations

Multi-Pivot Quicksort Daniel Krenn



Analysis
0000000

Summing Up

@ up-form-zero situations

n—2

A 1
= m 4 1)Hedd

with H,(;,dd — 27;1 [i o'dd]

1

[nodd] _p _ odd _n __ artanh(z)
®© > .o 5 z"=artanh(z) ~ anoHn 2" =

Generating function

A\ _,  artanh(z) 72 3z+5 1
Z]E( )z" = 20—2) 81_2) g artanh(z)—i-gz

n>0
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00000800

Partitioning & Generating Function

@ partitioning cost of strategy “Count”

“necessary” A
P, = y

7™ comparisons /

Generating function

3 artanh(z) 3122

P(z) = ;JE(Pn)Z" T 2122 21-2) 8(-2)

+ z 3 25z
h(z) — > — 222
artanh(z) 5 5
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Solving the Dual-Pivot Quicksort Recurrence

Recurrence
@ C, cost dual-pivot quicksort

@ P, cost for partitioning

E(C,) = E(P,) Z(n E(Ck)

Solution [Hennequin 1991, Wild 2013]

o C(2)= ano E(Cp) 2"
° P(z) =X p>0E(Pn) 2"

C(z)=(1-2)° /02(1 - t)_6/0 (1—5)3P"(s) ds dt

Multi-Pivot Quicksort Daniel Krenn



Analysis
00000000

The Result

Theorem (ADHKP 2016)

average number of key comparisons
in dual pivot quicksort
with the optimal partitioning strategy “Count” is
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Analysis
00000000

The Result

Theorem (ADHKP 2016)

average number of key comparisons
in dual pivot quicksort
with the optimal partitioning strategy “Count” is

%nH,, = %nHalt = @ QH @ harmonic numbers
3 pyalt (1)" o Ho=31,1/i
—aohln — 800 + +o o HMt = Z, (=1)/i
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Analysis
00000000

The Result

Theorem (ADHKP 2016)

average number of key comparisons
in dual pivot quicksort
with the optimal partitioning strategy “Count” is

%an — %nHath n IL 2 H, @ harmonic numbers

— a0MA" — g5 + ( o A . Za“_ ZZ, i(/l 1)'/i
= %n logn+ An+ Blogn+ C @ constant of linear term

RS R S S e

= —2.3823823670652.. ..
asymptotically as n — oo

@ explicit constants B, C, ... )
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Dual Pivot Quicksort & Quickselect

unsorted
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Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
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Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
@ partition into

e | small elements

e medium elements

o large elements
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Quickselect
€000

Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
@ partition into

e | small elements

e medium elements

o large elements

@ proceed recursively
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Quickselect
0000

The Dual-Pivot Quickselect Recurrence

Recurrence Relation

@ C,j cost dual-pivot quickselect (select jth rank)

@ P, cost for partitioning

@ then

CnJ:Pn+ Sn,j + MnJ + I—n,j

with
1 n—2
2 oy

n—2 min{j—2,n—m—2}

_( Z Z Cmjms1
m—ls—max{OJ m—1}

n—2

1
Loj =5 >, (n=1=0Crnji1

(g) l=n—j+1
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Quickselect
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Solving the Dual-Pivot Quickselect Recurrence

o C(z,u)=3_,; Cojz"/
e functional equation u C(zu,1/u) = C(z, u)

Differential Equation

2

922

u
1—u

C(z,u) = (P"(z) - u? P"(zu)) 4+ 2 C(z, u) r(z,u)

u?

with r(z, U) = (1,12)2 + (1_2)?1—zu) + (1—zu)?
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Quickselect
0000

Solving the Dual-Pivot Quickselect Recurrence

o C(z,u)=3_,; Cojz"/
e functional equation u C(zu,1/u) = C(z, u)

Differential Equation

0? u
(P"(z) - u? P"(zu)) 4+ 2 C(z, u) r(z,u)

92 (@) =7

u?

with r(z, U) = (1,12)2 + (1_2)?1—zu) + (1—zu)?

@ grand averages:

& Clz,u)],_, = L2 P(2) + 557 C(z.1)

dz2

@ with solution

C(z,l):(1—2)3/02(1—t)_6/0 (1—5) %( P"(s)) ds dt

Multi-Pivot Quicksort Daniel Krenn
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000e

Quickselect: Grand Averages

@ selecting the jth smallest element (the jth rank)
with j € {1,..., n} uniformly at random
@ average number of key comparisons
o “classical” ~~ 3n—8H,+ 13 —8n"1H,
=3n—8logn—8y+13+ 0(n"!logn)

[Mahmoud—Modarres—Smythe 1995]
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Quickselect
000e

Quickselect: Grand Averages

@ selecting the jth smallest element (the jth rank)
with j € {1,..., n} uniformly at random
@ average number of key comparisons
o “classical” ~~ 3n—8H,+ 13 —8n"1H,
=3n—8logn—8y+13+ 0(n"!logn)
[Mahmoud—Modarres—Smythe 1995]

“ 19, 37 1183 _ 37 ,—1py _ 71 -1
e “Yaroslavskiy" ~~ e — % H, + S0 — 3N H, 306"

= %n—%logn—%w—l—%—FO(n_llogn)

[Wild-Nebel-Mahmoud 2016]
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Quickselect
000e

Quickselect: Grand Averages

@ selecting the jth smallest element (the jth rank)
with j € {1,..., n} uniformly at random

@ average number of key comparisons
o “classical” ~~ 3n—8H,+ 13 —8n"1H,
=3n—8logn—8y+13+ O(n"'logn)

[Mahmoud—Modarres—Smythe 1995]

“ 19, 37 1183 _ 37 ,—1py _ 71 -1
e “Yaroslavskiy" ~~ n H, + S0 — 3N H, 306"
19

6 5
_ 19, 37 _3r 1183 -1
=n—%logn— v+ 100—|—O(n Iogn)
[Wild-Nebel-Mahmoud 2016]

Theorem (K 2017)

“optimal dual pivot” ~~

n—1 n alt
_ 3 3 Hk—l
E(Cn) =3n + ﬁ kEZI Hanfk m kg:l K (n k + 1) +

3 2 v+ log2 319
= = +(—+ == +0(1
3n + 55 (log n) ( 10 = ) logn+0(1)

y
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Dual Pivot Quicksort & Quickselect

unsorted
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Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
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Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
@ partition into

e | small elements

e medium elements

o large elements
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Optimal Strategy
€000

Dual Pivot Quicksort & Quickselect

p unsorted q

@ choose pivot elements 'p and g
@ partition into

e | small elements

e medium elements

o large elements

@ proceed recursively
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Optimal Strategy
0000

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more [small elements ~- smaller pivot ' p | first
e seen more large elements ~- larger pivot | g | first

e equality ~~ choice: smaller pivot [ p | first
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Optimal Strategy
0000

Optimal Partitioning Strategy “Count”

@ comparison of element with pivots:

e seen more [small elements ~- smaller pivot ' p | first
e seen more large elements ~- larger pivot | g | first
e equality ~~ choice: smaller pivot [ p | first

@ comparison trees:

N\ N\

small q p large
medium  large small = medium

choose this tree if choose this tree if

#small | > #large #small | < +#large

Multi-Pivot Quicksort Daniel Krenn



Optimal Strategy
0000

Optimality

Theorem (ADHKP 2016, ..., HK 2018)
@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies
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Optimal Strategy
0000

Optimality

Theorem (ADHKP 2016, ..., HK 2018)
@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies

e urn model:
uniformly distributed

So+--+ Sy
o instepk=s0+- -+ sy
—————

already classified
elements

o e.g. d =2 (dual-pivot)
@ sp = #small
@ s; = #medium
e s = Hlarge



Optimal Strategy
0000

Optimality

Theorem (ADHKP 2016, ..., HK 2018)
@ cost P} of strategy “Count”

o then E(P}) is minimal among all strategies

e urn model: o expected number of comparisons
uniformly distributed to classify next element:
S, + .o+ S #comparisons
0 d = depths hi(t) tree t faffin.e Iinee?r)
° |n ste k — + . + s In comparison tree unction £¢(s
p S0 d dJ 2./\
already classified Z h( ) Si+ 1 _ t(s)
elements . ! k+d+1 k+d+1
i=0 ——

e e.g. d=2 (dual—prOt) conditional probability that
next element is of type i

@ sy = #small (given so, ..., sq)

* 51 = G o choose tree T} =t
o s = #large such that /;(s) is minimal

Multi-Pivot Quicksort Daniel Krenn



Optimal Strategy
000e

Optimal Partitioning Strategy with Three Pivots

2 S1 2> S3
/N
3 so>s+s3+1 .
7N so>s1+s2+1 PN
3
s3> 81 N
SS+s3+1> s S>3 o
PN sit+1>s
1 3
/N /N S1ts+l>s3 5
So+s1+1>s3 So 2 S2 1/ N
532> 50 /N
2
3 s3>s1+s2+1 /N
20N ss>sptsi+1
1/ b $H > 5
/N

comparison trees & polyhedra minimizing £¢(s) = 3> o hi(t)(s; + 1)
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Dual-Pivot Quicksort
00000

Multi-Pivot Quicksort
000000

Classical Quicksort
[e]e]e]e}

Analysis Quickselect
00000000 [e]e]e]e]

Optimal Strategy [Ca)
[e]e]e]e] [ ]
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Multi-Pivot Quicksort
©00000

Expected Partitioning Cost

@ from optimality
n—d—1

E(P,) > E(P}) =E(Q) + Y (k+d+1 GRIEIRR

k=0 sENK

————
=3 > [s€Cle(s)
~~

teT seNy
=29 o hi(6)(s+1)




Multi-Pivot Quicksort
©00000

Expected Partitioning Cost

@ from optimality
n—d—1

E(P,) > E(P}) = E(Q,) + Crs (s
(Pn) > E(P;) = E(Q,) ;(Hdﬂ a2 )
—_———
=3 3 [s€Cd le(s)
teT sEN ~~
=5 g hi(t)(s+1)
@ generating function P(z) =3 -, E(P ) z" satisfies
d \d+1 R
(E) (1-2)P(2)) = dlZZh 0> [sec(s +1)z" =R(z)

teT i=0 k>0 seNk
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Multi-Pivot Quicksort
©00000

Expected Partitioning Cost

@ from optimality
n—d—1

E(P,) > E(P}) =E(Q) + Y (k+d+1 GRIEIRR

k=0 sENK

————
=3 > [s€Cle(s)
~~

teT seNy
=5 g hi(t)(s+1)
@ generating function P(z) =3 -, E(P ) z" satisfies
>

() =P = S A0S Y s e Cls+ 1 = R()

teT i=0 k>0 seNk

= 3 (5120t
seCt

=562,
° Gt,i(yvz) :yHt(ZV"vZ’Zy)Z)""Z)

with Hi(vo,...,¥4) = >_ y° and polyhedron C;
seCy
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How to Compute Generating Function of Polyhedron?

o d=2Cy, ={(50,5,5%) € NJ| s> s}

Ho(yoyiyo) = >, yvivse = D vy
1 505220, 51>0 s1, 52, u=>0
VA 1
2
P = Y ) =

(1= y0)(1 = y1)(1 — yoy2)

s1, S2, u=>0
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0®0000

How to Compute Generating Function of Polyhedron?

o d=2Cy, ={(50,5,5%) € NJ| s> s}

Ho(yoyiyo) = >, yvivse = D vy
1 50>522>0, 51>0 s1, s2, u>0
7, 1
AN = vyt (voy2)? =
2. i (1= yo)(1 = y1)(1 - yoy2)

s1, S2, u=>0
ed=3Cy = {(50,51,52,53) € Ng | S] > S3, S > S» + 53+ 1}

_ $0,,51,,52,,53
Htl(YOaY1>Y2>Y3) = § Yo Y1 Yo' Y3
5125320, sp>sp+s3+1, >0
1 _ so+s3+v+1. s3tu, sy ,s3
P = > % Vi ysRys
/2\ $2, 83, U, v20
3
/N Yo 1 1 1

S l—yol—yil—yoy2 1 —yoyiys
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MacMahon's Omega Calculus

Q-Operator

§>2 Z chrys)‘r: Z chrys

- SeNg+1 rezm SENg+1 I’GN(’)N

e remove summands corresponding to
negative exponents of A
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Multi-Pivot Quicksort
00®000

MacMahon's Omega Calculus

Q-Operator
§>2 Z E Csrys)‘r - E § Csrys
- SENg+1 rezm SeNg+1 I’GN87

e remove summands corresponding to
negative exponents of A

Result for d = 4

(1 2 R(z) = 19072

1744

~ 75(1 — z)?
48(3z2 — z +3)

75(1 — z)
48(5123 + 1422 + 14z + 51)

T 5(1+z+22+ 2%+ 24)?

25(1+z+ 22+ 23 + z4)

24 8(32—-2)  8(19z+16) 24
+(1+z+z2)3 (1+z+2%)2 31+z+2%)) 1+=z
with R(z) = (L) ((1 - 2) P(2))

v
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Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=Pr+> G, = E(G) P*)+ZZ]E YP(S; = s;)
i=0 i=0 s;=

Multi-Pivot Quicksort Daniel Krenn
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Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=Pr+> G, = E(G) P*)+ZZ]E YP(S; = s;)
i=0 i=0 s;=

@ differential equation

@ -2 - =a-2°(2) )

Multi-Pivot Quicksort Daniel Krenn
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Solving the Multi-Pivot Quicksort Recurrence

@ expected values

d d n—d
Co=P;+Y G, = E(G)=E(P)+> > E(C)P(S =s)
i=0 i=0 s;=0

@ differential equation

& (- z)d(dd—z)d C(z) = (d+1)1C(2) = (1 - z)d(dd—z)d P(z)
@ solution
C(2) = Q) + (fay 0 foy 0 -+- 0 ) ((d +1)1Q(2) + (1 — z)d(dd—z)d P(z))
with
o (Lf)(z) = (1—2)~° Of(l — £t (1) de
° p;)lynomial Q(z) )
° k; (X5 = (d+1)! = [I(X — )

i=1
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Singularity Analysis & Transfers

@ operator [, for z — 1

1 1 1 1
Pl Ta-p <(1—Z)a - (1—2)5>
for a #£ 6
o (foyo--0ly)(1—2)F(—log1—2))" =...
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Singularity Analysis & Transfers

@ operator [, for z — 1
[ N 11
° a(l—Z)B_a—ﬁ<(1_Z)a (1—2)6>
fora # 3
o (/alo...o ak)(l_z)_ﬂ(_log(l_z))f:“'

o f(z) = O((l —z)_ﬁ) for z—1
with f*(s fo )L f(t)dt

_ f*(a) _,
(laf)(z) = (1—2z) + O((l )" )

for Re 8 < Re
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Singularity Analysis & Transfers

@ operator [, for z — 1
[ N 11
° a(l—Z)B_a—ﬁ<(1_Z)a (1_2)5>
fora # 3
o (/alo..-o ak)(l_z)_ﬂ(—bg(l—z))e:._.

o f(z) = O((l —z)_ﬁ) for z—1
with f*(s fo )L f(t)dt

) — f*(a) )
(af)(e) = 7= +0(1=2)7")

for Re 8 < Re

.

@ operator I, forz—+p#1,eg. d=4,p= Cé(o

o (foyoolo,)(1—2)"(~log(1—2)) = ...

Multi-Pivot Quicksort Daniel Krenn




(a) Multi-Pivot Quicksort
C 000000

Optimal Multi-Pivot Quicksort

Theorem (Heuberger—K 2017-2024)
@ expected number of key comparisons
in trial pivot quicksort
with the optimal partitioning strategy is

133nIogn—{—An—{—BIogn+ O(1)

o A=y _ 2314 Llog3+ 2 log2— S8 — 224995 . ..
o B= %
@ expected number of key comparisons
in quadral pivot quicksort

with the optimal partitioning strategy is
238 nlogn+ An+ Blogn+ O(1)
o A= skipped = —2.20515.. ..

_ 48823
° B = 30

y
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