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Basics on orthogonal polynomials

Def Epncoipno isanorthogonal polynomial sequence (ops)
with respect to a linear functional L if

o deg Pr (a) = n

. L ( Prcac) pm (x)) = Kn δnim (knto)
.

t.
S .rcosnoosmodo = hn δn. m (hnto) .

o cosho is a polynomial in cosθ

. Define Tnla) by Tn (cosθ ) = cosnθ .

. L (p (a]=S .
i

p

( n)( 1-x2j
'rdx= S .

π

p

( coso)do .

. L (Tn (ac)tm(x)= S ."cosnocosmod θ = hnδ nim .



Since the Tnear functional L isdefined on polynomials ,

it is determined by Llxn),n≥ o
.

Deff The nth moment of L is

µn = L (xn) .

The moments of classical orthogonal polynomials
have interesting combinatorial meanings .

스 o Hermite un= # perfectmatchingson El , 2. … .h
.

o charlier : Un = # set partitions on $ 7. 2. . m.

o Laguerre : un= # permutations on [ 12.… . ny .



( Favard )

MonicorthogonalpolynomialsPuu ) satisfy
a three -term recurrence

Pr+ ,(G( ) =(x -bu )prx) - In Pr- ,(x) .
(λnFo)

X
_ O Hermite : Hnti (x) = x Hn Gc) - n Hn- (x)

. Charlier : enilu) = (x-n-1 Den(a) -nCnie)
.

. Laguerre : Ln+, (()= ( x-2 n-)Ln( x)- n "Ln-y (x) .



Mixed Momentsand Coefficients

Def)
.
P. (×) : OPS

let xn = Ʃ
조

σnik Pa (ox),
=O

n

Pr (ox)= Ʃ Unik xk
K=O

n
σ
ik is the mixed moment

.

Unik is the coefficientdual mixed moment) .

(These are the entries of change of bases . )
.

Note : n
, k
=
L (xn(pkz)

)
」

µ n = L (xn ) = σn , o .



Multivariate orthogonal polynomials
Def) FCX, . Xn) is symmetic if

F( Xrc,,Xrcm)= F ( X", an)for all σε Sn .

When we have a basis IPrcx 'noofunivariate poly,
we can construct a basis SPaCX) 3x of sym . poly .

by
Pλ (X)

= detlitn-. (xj )) M= (ox., … ,xn)

det ( pr- i (xj ?)
,

Def) The schur function Sa (X,xn) is defined

in this way with basis xnynn
, co :

det (xjitn- i )Sλ(X) =_
def (xin

-o ) .

팬 If Epn (x)? noisops, thenE P .CX7YxEParismultivariate Ops .



Mixed moments and cweficients of multivariate OPs

Let defPaitn- . (xj ))
where xn= Ʃ rnik Pk

K

Pλ (X)
=

det ( pri (xj ))
,

PK = unikxk.

since both Pil andSa arebaserforthespaceof

symmetric polynomials , we can expand

Sn = e m… Pu , P= Ʃ IUNS.
µ us

mixed moment coefficient

맥 Miu = det ( σxi+n -i ,u. tn-j ) , Niu = det (vilitn - i,Mjtn -j ) .

Goal : Find combinatorial models of rnik and Un , k

ofstheopsin theAskeyscheme.
such that they induce combinatorial models of MAM , NiM .





Viennot
'

s theory of orthogonal polynomials

( Flajolet 8oviennot 83)

Pnty (x) = (x
-br) Prcx) - InPn, (ox) .

Ʃ wt(π)
.

0
"µ
1
.
µ
"
λ .

Un =
πEMofEn (8 .05n ,0)

Motan = set of Motakin paths from (0 , 0) to (n , o)
.

k -
f0
..

있
I bk

u

터
µ 3 = -

bo to bo ↑" G ..∞ .
= b

β

t
2 boλitbix.



스
. Hermite : Hneix)= x Hnx )-ntn - |(x)

Un = # perfect matchings on E 1 ,2 . …s
,

m= 6
. µn = Ʃ w+(π)=Ʃ w+ (π)

πE MoTZ
6 πEDYCK6

. 서T
wt = 6 . L. t Hermite nistories

이. . .⑥

o δ6 δ d d δ



( Viennot19837

Prt, (x) = Ge -br) Prcox) - In Pn, (x) .

L (xnPrPs ) =Ʃ 마?≈ ,

_

L ( Ps2) πEMotz (@ ,r) → (n ,s))
≈

In particular
Ʃ

nσ , K
=
L (x

"

럽(Pk) = πEMotz (① ,
0) → ( n . k))

cof (a) .

스 M 311 = bzt bob , +bp+λ i+λ2 .

bl bl

.-0
-to bo

-

.b

미

0
-0.

-nroTs
( Viennot). unik = generating fumction for Favard tilings.



Lindstrom - Gessel- Viennot lemma

on 32 of the book .

M = det (miz )

mij = # paths따발 from Ai to B,

요
. 요

~ 요 3

⇒ M = # vertex - disjointpathsfrom A ,A 2,A3 ) to( B , B2 ,β3)
.



kecalf M λ'M
= det ( σilitn - i ,µj+n -j ) .

Motzkin paths are not well benaved with LGV .

These are vertex-disjoint.

…조구
*스..
.

.

.

.

.

. .

..
응인이아티s

σ

A . A 2 B2 B ,

Q Is there a lattice path modelfornik

that gives nice nonntersecting lattice paths

using LGV lemma ?



cittle q - Jacobi polynomials Pu (x : aib : q)
Cab :qn

Pu (ox : a, b : q ) =G)n q
( 보)( abqut": g). 2¢ , (

ε
n

, abqu
←"

, 9, ax) ,aq

21 , (A 문 : 9 .2 ) = Ʃ A:q ) .( B; Ei
i 7≥0 (q: ε) . CC: E)i" 삔

⑨

③
(A :q) . = (U-A )(-Aq) … ((-Aq

에)

「

A3.5-Corteed , Kim 2020

EskKu)

There are combinatorial modelorn ,ik,Vnik
.

using lecture hall partitions .



Def) t n ) λ isa partition of n
⇒ λ= (λ" , λ k) . 1.t…txk = n

λ ,7≥ … 21 ,Nk70

Each λ i 20 iscalled a part .

ex) λ = (4. 3, 1 1 )is apartitionof 9 =4+ 3+|t.

Youngdiagramofλ=( 4.3,7) is*!



Lectare hall partitions

λ= Cλ' in ) is a lectare hall partition if
λn김 ,, ≥ … ≥T ,

0

ex( 5,3 , 1 )isLHP ( 5
.
3 , 2) is NOT LHP

온

*
. **

ThncBousgut -helo.Eviksn.199%쳐"λtLn



Anti - lecture hallcompositions

α= (α, , … , an) is an anti - lecture hall composition
Cor a planetarium composition)

if 주≥쓸 ? …샘≥0
.

nse
…
…"

"는



Th( Corteel , tTim 20 )20

cettinga = -uV , = - ulv for litle q -Jacobi,

n
σ

.k = Ʃ u
(α)
v
0(ca)

q
11

웨 ≥ … , α쁨≥0

vn
.
k
=

솜추…시더 70
u
("'
v
0 ( las)

q
×시

⇒ ik = genevating function forantitecture hall
compositions

Unik = "
∅ " lectare hall

partitions .
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Askey - Wilson polynomials

Pn+ y =(x- br ) Pr - In Pn- y

bu = * Catal - An- cn) , λ n = 4 Anmon

Fact : prex , a , bicidlq ) is symmetiic in a , bicid .



펜 Corteel, Williams , 20µ)

The Askey- Wilson moment un is a partition function
for ASEP

.

state diagram of AsEp Casymmetric simple exclusion process)



( Corteel, stanley. Stoamton , Williams . 2012)

After rescaling e reparametiization

Un is a polynomial inα a
, β , γ, δ .

staircase tableaux



Motivation
^

⑦ Fnda lecture hall partitionmodel for Askey -wilson .

②Fndacombmatorial proof
ofthe symmetry in aibicid .

Q
.
How can we generalize Corteel - kim result

on Iittle q-Jacobi to Askey- wilson ?

t we need a new approach todis over
"

a combinatorial model .



Lecture hall(Intoduad by corteel-kTm20mtherstudiedby Gteel-Keating-Nicolelti202리)

ΛH:
_

1



( K ,∞)

iI않 !
in

, o )

Ʃ 3 ≥
≥
π ≥
5 디녀 , =5 ).

체던 , ↑떼 ≥ … ≥쁨 E) path from ( k ,∞) to (n , 0)



팬 ( corteel ,lim 2020)

little q -Jacobt
mixedmoment

( K 1∞)

σ = Ʃ wt ( p) ↑
nik

P : (k ,∞)→ cnio)

수
( n , o)



팬 CCJKK ,
2023)

big q-J
Pncxiain .dq

)= ( aq ,cqi ,4 . (
q

"

.양
,

β
많

: 9 . 9)
Cabqnt' , 8) n

σ
, k = E

wt (p)

p : ( k,∞) →
(n , 0)

n-lC

f etk =(1 ). kl-a.-b-
c) .

⇒ (.k)
=

is totally positive .

Equivalently multivariate big q-Jacobi

is Schur posttive .



팬 (CJKK , 2023)

Askey - wilson mixed moment

σ, k= Ʃ wtlp)

P : (k(∞)→ ( n , 0
)

Un
, k
= Ʃ wt( p)

P : (k(0) →(n ,∞)

no consecutive east stop .

(onic) (Unik) = I

x←)= xtx,



팬 ( CJKK , 2023) .

Thereis alecturehall graph modelforUnik and rnik

for everyorthogonal polynomial
in Askey scheme



Idea of proof

otstrapping methodsTwo

aibicid□

d=of σ
↑

c==o미 σ
↑ θ

b= c= d=oC σ

θ →
a = b= c= d=oOC



2 ㎥ q4

고 3

q q q 2
' 1 1 ' ^

[댓] = Ʃ wtCp)

p : (k,
l

) -+ Cn , 0)



Weight system of Height I is nique .

x



Weight system of infinite height is not unique !

How cam we fond a model like this ?

d
bigq -Jacobi .

σ
2n
= cq tcq

2

taqtar-acq
β
- acq

4

…

Simply order the monomials
lexico -

graphically Eacaa .

Then we can prove this conjecture
"

byinduction .



팬 (CJKK )

continuous q - Hermite open proble떤

σ, k = Ʃ
wt (p)

Find a combinatonal

P :ck ,
3)- → (n ,

0 ) proof that Unik is

a polynomial in q .

xt) = octot!



bef) mixed moment of AW

with respect to9-Hermite

Aw
Hncx) = Ʃ,k Pk (X)

K

편 (C없

.
( ai ,bicidi )
τ

= δ wf ( p)

P: (k(∞)→ (n .o)

or Asken - Wilson is symmetric
in a , b , c id .



Advantages of lectare hall graph models
.

⑦ a model forkgivesa model for unik .

② multivariate moments can be obtained by

Lindstrom - Gessel -Viennot Lemma

③ To tal positivity

④Applicabletoall ops in Askey scheme .



Asymptotics [ Corteel ,Reatingoilelti )
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fFind stauting a ending points , pick
a ran dom path system

,

staatins points
_

x
non interseching

paths

~
arrival points
λ a pailiion



Arctic curve phenomenon

sharp phase separahon

τ
gliuid

Ifwzens



Arctic curve phenomenon

sharp phase separahon

_ gliuid
2D← arctic urre

Ifwzens



Pl

λ= (pri pn . … , pr )

Algebraic curve of

degree 2

λ = (pnipeni )…, Ip , p)

Algebraic curve

of degree p .
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Tangent method ( Colom. a Sportiello)
_

2016

Aggarwal 201g

↑r⑥α

λ
i tn- ,

s!
x

philo: fixZis , compute most Ebobable r
> gives a straisht ine tangent to the archic carve

Vary 2 ⇒givea paramehizationof the auve



aesps

¤



open question :

Can we study the

asymplolic behaior of a

path systems using the

weight of the Askey -Wilson

polynowals ?



!

Morgnotu.MN상 ⑪
David Matthew

Keating Nicolelti



ot P. (X) =
det ( Plitn- :(x?

-

π (oxi -→xj)

icj

If σn
, k
= Ʃ wtla) in lecture hall graph
π. (K , 0)→ ( n ,∞ )

then

M×M
= Ʃ wt (?

T : LHTCλ/M)

type (n ,≥, 7)

b 8 1 5
㉘ 25

옷 등리

㉜ ×σ

£ Δ
@


