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We show that the universal continued fraction of the Stieltjes-Jacobi type is equivalent to the
characteristic series of labelled paths in the plane. The equivalence holds in the set of series in
non-commutative indeterminates. Using it, we derive direct combinatorial proofs of continued
fraction expansions for series involving known combinatorial quantities: the Catalan numbers,
the Bell and Stirling numbers, the tangent and secant numbers, the Euler and Fulerian
numbers... . We also show combinatorial interpretations for the coefficients of the elliptic
functions, the coefficients of inverses of the Tchebycheff, Charlier, Hermite, Laguerre and
Meixner polynomials. Other applications include cycles of binomial coefficients and inversion
formulae. Most of the proofs follow from direct geometrical correspondences between objects.
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BaSiCS on OP'fho?ona/ /Dolynomia[o

De+ { pat0)} 5, 1s an orthogonal polynemial sequence (ops)
with respect +» o linear functionad Z if

. deg pam=n
. i( Pn(?() Pm(?()): I(r\ Jn,m (an@)

i 5 fomwsn@wsm&d€= hn8nwm (Hn#0),

e cosn@ is a pslynomial Th cos@

Define Tn(2) by Tn(cos@)=cosnb.

L (pon)= _f_’: px) [1-125’/2dx = ffp(cosa)d&.
o LTnoOTa0)= (Fcosnbcosm©d® = hnbn.m.



Stnce the linear functional X is defined on pelynomials,
it s determined by Z(x"), mZo.

Def The mth moment of Z s

Mn = i[‘f."‘)
The moments of classical orthogenad pelynomials
have Tuteresting cswmbinatzrial meahings.

E_X e Hermite /Anz ¥ Perf'ec'f ma'f‘chinjs on {1,2,--.,44},
¢ Charlier : pn= # sef partitions em {1.2,...mY.
. Lujuewe L MHe= + permud'dfo'ns en {1.2,...mT



Ehm ( Favard )

Monic orthogenal pelynomials pn(x) satisfy
o three —term pecurrence

P+ 6O) = (A -bn) patx) - An Pr-1 (2) . (/\m"f'")
Ex :
—_— . Heynu{-e : Hnﬂ )= % Hn (x) — n Hn-l ("Y)
* Chavlier @ Cpy )= (x=n-1) Cax) = N Cpq (%)

o Laguerre © Ly )= (X-2n-0) Ln(x) = 0 Ly ().



Mixed Moments amd Coetrcients
DG'C), Pn(x) : OPS

m
Le’+ 'x.“'= RZ O_;,,K Pk(X),
=0
n
— k
P”(q')- ‘;b Vn,k(x )

Cnipe is the mixed moment.
Unk is the coefficient- <daaf mixed momamf’).

(These are the entyiea of change of bMM.)‘

Nofe : = Z(%"P")
Z(Pe)

/MY\= i(‘X.")= On.o -




MuHivaviate orthogonad palynsmials
Def) Fex,,...xa) is Symmefiic 1§

FlXeen, ... Xgem)= F Xy %) TFo ol 6 € Sp
When we have a bawns {gﬂcx)}m?,o of univarials pely,
we Can construct a  basis {PAC*‘)}?L of sym. paly.
7 b (xr= _4oF (Paen-: (%) LR ECRR G,

det (pn-i (%) ‘
Def) The Schur function  Salx,,...xs) is defined
in this way with basis {tmzo
S.(x) = dot (™)
St (2,%) -

Thn If {pntxX0hpo 44 OPS, then  { PAlX)Yrepa, is mubfivaiate OPS.




Mixed moments and coediciendts of mutfivaviate OFS

Let [y where x"= S oh.k P
P;\ () = C(d‘[PA;-m-c (11)) | P = % Vi ok
det (ot (%) F '

Since both  PA oned Sy az bates f the Spaca af

Symmetric polynomials , we can expand
=z Mybu.  Pi= T NawSa
mixed momeut- Coetlictent

Thm de+ ( O-:\‘f'n‘l:l/“ +n- &'> IV,\/MZJQ{ (V/\n""” 51/4,1-'1 J)
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such thet they Mdnce combinatorial models of  MAm, Namn.
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Viennst's theory of ortheganal polynomiald

m ( F\m&»\o} 80'Vienno‘l‘ $3)

Pavt (X)= (% -bn) Pn(2) — An Pn-i (X) .
b ey

TEMotz, (o,8) (n,0)

Motz, = set of Mot2kin paths from (e,0) to (n,o),
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—El . He“ni-[-e : Hn-l-l )= % Hn (x) — n Hn~l (q)

Ma= 3# perfect ma'f‘Chinjs en {1,2,....n}.

mn= 6 Ma= 2 pilm) = S ()
Te Mo’l?é Te Dyck‘
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Thm (Viennst 1993)

Pt ()= (’X’bn) Pn('x) - An Pn-i (x). /\/—/-'

2(LPePs) _ s wt (1)
Z(P) e Motz((o.1) —acn,sw)

Th Yow(:% clar

T = 206CP) = wt ().
< L0pt) TeMeotz (00) - (n.kﬁ)

Ex Mz = bt bob ) thiFActAL |
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Lindstrom - Gressel—Viennot  [emma
Ch 22 of +he boolk.

Lemma. Let G = (V,E) be a finite weighted acyclic directed graph,
A={A,,..., A,}and B={B,..., B, } two n-sets of vertices, and M
the path matrix from A to B. Then

et = Y signPu(P). ) Proofs from THE BOOK

P vertex-disjoint
path system

Martin Aigner - Giinter M. Ziegler

2]
' M=det (my)
Ba
&3 ")tj = ¢ Pd‘hs
from A; +o B;
A| AZ A-; @Springer

> M = # veptex-disjeddt paths Gom A4 A (8. B2,Bs).



Remll__ M,\,/m =det CO‘A;-(-H*C///’;“"""J) :

Mot2kin px.H\s e ot well pehaved with W&V.
These are Vertex—disjeint

// . % [am ﬁ}.
A, By Bl
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Q. Ts Hieve o Joffice "va% model o G
that givec nice pminfersecting lakfice paths
WQ L&V [emma?




Little §-TJacobi pelynsmiaks p,(z:a.b:q)

cab.$)n -h t
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There ove combinatorial model o Gpe, Vate.
using  lecture hall partims .



De-(:-) ANEh & )\isapawl-i—l-iav\o'F n
= >\=(/\l/"vl\k), At tAg=n
AMZ - 2 A>0

Fach Xi>o .o called a part.

. Youmg diag\rcxm ot z\=(4,3,1) is




Lectuve hald partitions

A= (A,...An) is a lecture hall partition if
Ao A Aw

nZpa Z T F %0
ed (5,3,1) is LHP (5,3,2) is NOT LHP
T )
; ®
Salk
IS
N
Thm CBousquef- Mélou, Eriksson, 1997)
1A I
2 ‘Z ‘: %’ —
A€ELn = I‘% ¢




Ah+i-|ec+ure ka” Co\mpos-"l:(oV\S

X=(d,...,4n) is an anti-lecture hall composition
(o & planetavium composition)

o2
2

oAn

: (-4
i T'-Z =

z-- 2

Zo

ex)

+

(4,5,3,3,2,1)

Thm (Covteel, Savage, 2003)

n ¢
> - 1+9
«GAn % ;El; l’%i'+.




Thm  ( Corteel, fim, 2020)
letting a=-uv, b=-u/v oo [itlle g-Tacobi,

Opp= = ul_ou vo(La(J)%[o(I

LAY o(LAY)
’ o .o ANk
WA 70

= O0nkr = 3e/nem-l:?n3 Function for antidecture hall
Cowm positiond

e /s lectune hall
pa rbtons,

UV‘/k = V&4
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Ackeb’— Wilsen polynemials

(ab, ac, ad; q)n,

pn(l', a, ba C, de) — 2nan(abcdqn_1; Q)n 4¢3 (

q ", abcdg™ 1, ae’, ae"%
ab, ac,ad 64 )

where x = cosf = (%’ + =) /2.
Pn-H = (cx——b"") Pn - )\n Pn-—,
bn= 3,: (&‘\'M—l" An- CM') ’ }\V\: T:L’. An"l Cn
(1 —abg™)(1 — acq™)(1 — adq™)(1 — abedg™ 1)
a(l — abedg®—1)(1 — abedg?™) ’

a(l —¢")(1 —beg"")(1 — bdg"")(1 — cdg™ ")
(1 — abedg®—2)(1 — abedg?n—1) '

A, =

Cn, =

Toact - P”(x;q,b,c,d[ob) is symme;\-r’sc i a,b.c,d.



“Thim COS\-—“‘ee,( , Willioms ,zom
The Askey— Wrlson anoment pn Ts o pashtin fumetim for- ACED,
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27950
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state dioxgmm of- ASEP [M}/MW'H"C 97"*19|e exclugion pvocess)



Thm (Csvteel, Stumley, Stomton, Wrlliams . 2012)

2" (abed; @) i (a, b, ¢, d; q)

=" Z (—1)P@) (1 — q)ATD+BT)+C(T)+D(T) —n E(T)

TeT (n)

x (ac)C@ (bd) P (1 + ai) (1 + ¢i))" A=D1 = bi) (1 — da))" PO PO,

I al |y

Ol lal @

ﬁ ®
vy O
O

staircose tableaux

After resawling & repayametiipation
Mn is & ppynomial on d,6,7, 0.

_ l—q _ l1—¢q
T U+a)(1+ci) b= (1 —bi)(1 — di)’

__ac(l—q) 5 bdl—aq)

C (1+ai)(1 +ci)’ (1 =0bi)(1 —di)



Motivation
@ Fmd o lecture hall potifion madel  fo Ask&/—wilsm,
@ Fmd o ambmoadavial prsf of +he Symmetry Tn ab e.d.

Q. How C(on we gfmemlr}e Corteel —Kim resut
on |tHe g—Tacobi T2 Askey-Wilson ?

—> We need o new oappwach To “cover & combinadovial wedel



Lecture hall graph (Tnhodued by
Further studied by Copdeel

_

Csrteel — Kim 2030
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Thm ( Corteel, m, 2020)
h'H'\e q)" :YU\COb'i WﬂYd mewi_ (K,oﬂ

G'“'K ] —2_ _ w—tc P) ) a2t | a2b2®  a2b2q12
p: (ki) = (neo) g
—a?bg® | —abg® —a?bg®

3

5 abg?
1 —=
0 1




Thm C CTKK, 2023)

[big 3~ Taceti

(x;achc|g)= —_
P’) % (abqnfl;7')n

Cye= = tt (p)

= (gmk):m 1s dafally positive.
Equivalewtly multivoiade b1y §-TJacebi
s Schuy posttive.

—

[AQ,C%;Z)n 9{ (‘5'—”, Abq"'H{x .
272 a?, 4

abcq®
—abg?

—acq

aq

)

abcg

abcq”



T (CTKK, 2022)
Askey- Wilsen wixed memertt

=
p: (k.08) = (n:0)

>
p.Ckm) —29(h,»)
ho cmsecudive east Step.

(6ne) (Vi) =

Ynk= wHP?

Jg

g beds2
3 a’bed/2
L abe2
o —abd/2
b2
L acdf2
, 2
, 4
| | =1/(a)
~
6(—!-.) = AL (at)/2
0

—bedg /2

a’bedg® /2

—bedg? /2 —bedg® /2

a®bedg® /2 a*bedq’ /2

2bedq® /2

a
a’bedg®/2 a?bedq" /2

a’bedq®/2 a’bedg® /2 a*bedq®/2

—abeg? /2

—abcq/2

—abdq®/2 -

—abdq/2
bg/2
b/2

—acdq®/2

—acdq/2
cq/2
c/2
dq/2
/2

—1/(2a)

—abcq4/2 —abcq6/2

4 —abcg®/2
—abeg’/2 —abeqt/2
—abeq? /2 —abeq® /2

—abdq®/2 —abdq®/2
3
bg?/2 bq2/2
bg*/2
b/2 b/2
6
_ 4/9 —acdg®/2
acdqs/ —acdq®/2
—acdg®/2 —acdg"/2

—acdg® /2 —acdq®]2
cq?/2 qu/ 2
cq/2 (;qq //22
c/2 c/2
i 4
/2 /2
~1/(2a) ~1/(20)

~1/(2aq) _- 11//((22;;2))

—1/(2aq) —1/(2aq®) ~1/(2a¢)

(ag+)/2
(a+)/2

2

(ag?+)/2 (49,)/2
a0 (s
(a+)/2 | (at)/2

3 4
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Tdea of proof
Two looo"'s-l:\mpp‘ing wethed s

1
QI b } C 'A Askey-Wilson g-Racah
- Continuous Continuous Big
d - g-Hahn Dual g-Hahn
dual g-Hahn ¢-Hahn g-Jacobi
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4.1. Stieltjes—Wigert. The monic Stieltjes—Wigert polynomials are defined by
—n2 i n
Sn(z;q) = (=1)"¢"" 1¢1 (qo 14, —q “w> :
The mixed moments o, , and the coefficients v, ;, of Stieltjes—Wigert polynomials are given by

On,k = qk2_n2+(n;k) |:::| )
q

_ 2_p2 n
Unk = (_l)n qu |: :| .
q

k

':l = 3 wtCp)
P:(k,l)“" C”lo)



Wei?h/’fyﬁ‘em of HP)?M 4 & wmigue.

Proposition 3.1. Let {an i }n>k>0 be a triangular array of indeterminates and let A = (@n k)n. k>0,
where an k= 0 if n < k. Then there is a unique weight system w of height 1 satisfying hy k= Qnk
for alln > k > 0. Moreover, each w(0;1,j) is the rational function in the indeterminates an, k
given by

Aj1(i—j+1,0)4;( — j,0)

w(0;1, ) = Ai(i—7+1,0)4;41(i — 5,0)

(3.1)

FIGURE 6. The unique family of nonintersecting paths from (0, 1), (1,1),(2,1) to
(4,0),(5,0),(6,0).



Weigit systom of infonite helght o0 not Lmigue !
How com we £nd a moded Like Hiis 9

abeg®  abeg®
—abg*
—abg®>  —abg®
—acq®
—ac®  —acg®
aq?
aq aq
cq?
cq cq

/ b?g 9- Jaeob .

ilc)zcb(i; 0“ = cq+ Z_(_a +a Q_,’ aﬁéc-4<'7¢
e 2.4 = %% 4 4taq
—abg* % -
—acq®

—acg®

o] Stmly otdey e monomials Lexico-
W grephiotly  §<C<A.

: Thon We Cam prove fhis /Edﬁ]err/upe/'
a J’j mductTon.



Thm (CTKK)
Cowtinvows ¢ - Hermite

yﬂflc = 2 W+ CP‘)
P'v(Kr ) —-)(Vl.O)
’ Ly | T2 —1/3
‘ i —q/2 __;2//2
-1/2 —q/2 -¢*/2  —¢°/2
e V2 11/22
2 e) Sled
. Y2 —1/) —1/(2q2)_z13/(:;3?»2)
(@+)/2 |\, *
(g+)/2 @ ((qq ;r))//Qz |
0 1+)/2  (1+)/2  (A+H)/2 | (1+)/2

0 1 2 3 4

©et) = oetol

Open  Problem

Emd a combinaiod
[D'YO'V(L M /An,(( (R

) WWMJ% 3.




bed) mixed momont of AW
with vespect 42 q-Hepmite

W
HnG= = Tk P (X)

T (CTKK)
n-K
E{' Snik [ﬁi,bE/CZ,di)

= S wf(p)
p: (k) (h,0)

Cov Ask@q—lﬂrlsm K Symme’h;lc

A O\;b,C.,Ols

abed?

bed

acd

abd

abe

abed?q?
bedq?
bedq

a’bedg®

abcq

abed?q*
bedg®
bedg®
bedg?
a’bedq®
a’bedq®
a’bedqt
acdg*
acdg®
acdq®
abdg*
abdq®
abdq?
dg?
dq

abeg®

abeg®

abeq?
cq
cq

bg?
bq

aq
aq



Advontages of lecture hall graph models
@ o modf,( f Cnk }'/'WS a Modo/-ﬁw Yo ke

@) meﬁl/Mad‘e momends com b€ obtzined by
Lindstim — Coessel- Vigennot Lemma

) Tetal positivity
B Applicable b oll OPS 4um /]:K7 ccheme.
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Aretic curve Phe,nomenon

Sha.rr) phase Se.[)ad.a.hbn
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Aretic curve Pl:enomenon
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T -%3)
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