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What is a (Binary) Phylogenetic Network?

X ... a finite set.
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What is a (Binary) Phylogenetic Network?

X ... a finite set.

Definition

A phylogenetic network (on X) is a rooted simple DAG (directed
acyclic network) with the following nodes:

#incoming | #outgoing
type ‘ edges edges
root | 0 | 1

where the root is only one.
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Definition

A phylogenetic network (on X) is a rooted simple DAG (directed
acyclic network) with the following nodes:

#incoming | #outgoing
type edges edges
root 0 1
leaves 1 0

where the root is only one and the leaves are bijectively labeled by X.
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What is a (Binary) Phylogenetic Network?

X ... a finite set.

Definition

A phylogenetic network (on X) is a rooted simple DAG (directed
acyclic network) with the following nodes:

#incoming | #outgoing
type edges edges
root 0 1
leaves 1 0

tree nodes 1 2
reticulations 2 1

where the root is only one and the leaves are bijectively labeled by X.
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TC-Networks and Galled Networks

Definition

(a) A phylogenetic network is a tree-child network if
every non-leaf node has at least one non-reticulation child.
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TC-Networks and Galled Networks

Definition
(a) A phylogenetic network is a tree-child network if
every non-leaf node has at least one non-reticulation child.
(b) A phylogenetic network is a galled network if
every reticulation node is in a tree cycle.
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Enumeration of TC-Networks and Galled Networks

TC, ... # of tc-networks with n leaves;

GN,, ... # of galled networks with n leaves.
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Enumeration of TC-Networks and Galled Networks

TC, ... # of tc-networks with n leaves;

GN,, ... # of galled networks with n leaves.

Theorem (Fuchs & Yu & Zhang; 2021)

We have "
TC, =© (71_2/3601(3”)1/3 (1—§> n2”> ,
e

where a; is the largest root of the Airy function of first order.
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Enumeration of TC-Networks and Galled Networks

TC, ... # of tc-networks with n leaves;

GN,, ... # of galled networks with n leaves.

Theorem (Fuchs & Yu & Zhang; 2021)

We have "
TC,, =06 (n‘z/?’efll(?m)l/3 (1—§> n2”> ,
e

where a; is the largest root of the Airy function of first order.

Theorem (Fuchs & Yu & Zhang; 2022)
As n — oo,
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Sketch Proofs

TC Networks:

(a) The counting problem for TC,, is reduced to that for maximal
reticulated networks, i.e., TC,, ~ /e TC,, p_1;

(b) Maximal reticulated networks are encoded by certain words;

(c) These words satisfy a recurrence;

(d) A powerful asymptotic method of Elvey Price & Fang & Wallner
(2021) can be applied.
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Sketch Proofs

TC Networks:

(a) The counting problem for TC,, is reduced to that for maximal
reticulated networks, i.e., TC, ~ /e TC,, p_1;

(b) Maximal reticulated networks are encoded by certain words;
(c) These words satisfy a recurrence;

(d) A powerful asymptotic method of Elvey Price & Fang & Wallner
(2021) can be applied.

Galled Networks:

(a) The proof uses the component graph method;

(b) The Laplace method and an old result of Bender & Richmond
(1984) play an important role.
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Component Graph Method (on Galled Networks)

compress

PE— @ O O

de-compress

ONONO
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Component Graph Method (on Galled Networks)

()
compress
PE— @ O O
de-compress
® @
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Component Graph Method (on Galled Networks)

()
compress
DE— @ O O
de-compress
® @

Lemma (Gunawan & Rathin & Zhang; 2020)

The component graph of a galled network (without arrows) is a
(possibly non-binary) phylogenetic tree.

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 7/24



Counting Galled Networks (i)

Definition

A network is one-component if
every reticulation node is directly followed by a leaf.
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Counting Galled Networks (i)

Definition

A network is one-component if
every reticulation node is directly followed by a leaf.

M, ... 7 of one-component galled networks with n leaves and
k reticulations where the leaves below the reticulation
vertices are labeled {1,...,k}.

)
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Counting Galled Networks (i)

Definition
A network is one-component if
every reticulation node is directly followed by a leaf.

M, ... # of one-component galled networks with n leaves and
k reticulations where the leaves below the reticulation
vertices are labeled {1,...,k}.

Theorem (Gunawan & Rathin & Zhang; 2020)

We have (v)
ce(v
( 5 )Mc(v),C(U)—le(U)+j'

ag (v

)
=0

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 8/24



Counting Galled Networks (ii)

For 2 <k <mn,

n k= (n +k— 2)Mn,k—1 + (k - 1)Mn,ks—2

1 k—1
Ty > ( d )(2d — DN (My—gk—1-d — Mpy1-dr—1-d) -
1<d<k—1

with initial values M, 0 = (2n — 3)!! and M,, 1 = (n — 1)(2n — 3)!l.

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 9/24



Counting Galled Networks (ii)
For 2 <k <mn,

n k= ( +k— 2)Mn,k—1 + (k - 1)Mn,ks—2
1 k—1
t3 > ( d )(Qd'—1)”(hﬁn—¢k—1—d—-hﬁn+1—¢k—1—d)-

1<d<k—1

with initial values M, 0 = (2n — 3)!! and M,, 1 = (n — 1)(2n — 3)!l.

Two Steps:
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Counting Galled Networks (ii)

For 2 <k <n,
n k= ( +k— 2)Mn,k—1 + (k - 1>Mn,k—2
1 k-1
t3 ( d >(2d — DN (My—gr—1-d — Mpt1—dh—1-d) -
1<d<k—1

with initial values M, 0 = (2n — 3)!! and M,, 1 = (n — 1)(2n — 3)!l.

Two Steps:

(i) Obtain an asymptotic result for M,, ;, from the above recurrence;

(ii) Use the formula for GN,, to derive the asymptotic result.
For this, proof (asymptotic) matching upper and lower bound
results.

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 9/24



Tree-sibling
networks

Tree-child
networks

Normal
networks

General
networks

Ret.-visible
networks

Galled
networks
networks

Galled

Tree-child
networks

Galled-tree
networks
Phylogenetic
trees

Galled TC-Networks



Galled TC-Networks

Definition

A galled tree-child network is a network which is both a galled network
and a tree-child network.
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Counting Galled TC-Networks (i)

GTC, ... # of galled networks with n leaves.
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Counting Galled TC-Networks (i)

GTC, ... # of galled networks with n leaves.

Lemma

Every one-component tree-child network is also a galled network. J
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Counting Galled TC-Networks (i)

GTC, ... # of galled networks with n leaves.

Lemma

Every one-component tree-child network is also a galled network.

Ln,r ... # of one-component tc-networks with n leaves and k

reticulation vertices where the leaves below the retic-
ulation vertices are labeled {1,...,k}.
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Counting Galled TC-Networks (i)

GTC,, ... # of galled networks with n leaves.

Lemma

Every one-component tree-child network is also a galled network.

Ln,r ... # of one-component tc-networks with n leaves and k
reticulation vertices where the leaves below the retic-
ulation vertices are labeled {1,...,k}.
Proposition
We have,

af(v)
GTC,, = ZH Z (le Y ) c(v),c(v)—cig(v)+3+
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One-Component TC-Networks

OTC, i ... # of one-component tc-networks with £ reticulation
vertices.
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One-Component TC-Networks

OTCpy ...

# of one-component tc-networks with k reticulation
vertices.

Note that
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One-Component TC-Networks

OTC,,

... # of one-component tc-networks with k reticulation
vertices.

Note that

OTcnk==<Z)Lmh

Theorem (Cardona & Zhang; 2020; Fuchs & Yu & Zhang; 2021)

Y n (2n —2)!
OTQ“F:Q)wlwn—k;nr
(ii) Asn — oo,
OTC,, := SOTC E~ Ln_5/462‘/ﬁ <z)nn2n.
T -
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Maximal Reticulated Galled TC-Networks (i)

GTC, i ... # of galled tc-networks with £ reticulation vertices.
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Maximal Reticulated Galled TC-Networks (i)

GTC, i ... # of galled tc-networks with £ reticulation vertices.

Lemma

The maximal number of reticulation vertices of a galled tc-network of
size n is n — 1.
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Maximal Reticulated Galled TC-Networks (i)

GTC, i ... # of galled tc-networks with £ reticulation vertices.

Lemma
The maximal number of reticulation vertices of a galled tc-network of
size n is n — 1.

Set

2" on
Alz) =) GTCppa—  and  L(2) = ZLM—IH

n>1 n>1
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Maximal Reticulated Galled TC-Networks (i)

GTC, i ... # of galled tc-networks with £ reticulation vertices.

Lemma
The maximal number of reticulation vertices of a galled tc-network of
size n is n — 1.

Set

2" on
Alz) =) GTCppa—  and  L(2) = ZLM—IH
nzl n>1
Then,
GTCn,n—l)n_l
(n—1)!

A(z)=2z+ Z Lpn-1% (

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 14 /24



Maximal Reticulated Galled TC-Networks (i)

GTC, i ... # of galled tc-networks with £ reticulation vertices.

Lemma
The maximal number of reticulation vertices of a galled tc-network of
size n is n — 1.

Set

2" on
Alz) =) GTCppa—  and  L(2) = ZLn,n—lg-
nzl n>1
Then,
GTCn,n—l)n_l
(n—1)!

A(z)=2z+ Z Lpn-1% (

=z + 2L/ (A(z)).
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Maximal Reticulated Galled TC-Networks (ii)

Theorem (Lagrange Inversion Formula)

Let A(z) =) ,,50anz" and ®(2) = >, ~;cnz" be formal power series
with - N
A(z) = 2®(A(2)).
Then,
1
2"IA() = ~ )07 W)

For a beautiful (recent) proof see:

E. Surya, and L. Warnke. Lagrange Inversion Formula by Induction. The American
Mathematical Monthly 130.10 (2023): 944-948.
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Maximal Reticulated Galled TC-Networks (ii)

Theorem (Lagrange Inversion Formula)
Let A(z) = 3,50 an2" and ®(2) =}, 5 cn2™ be formal power series
with
A(z) = 2®(A(2)).
Then,
1
#1A() =~ 0" ).

For a beautiful (recent) proof see:

E. Surya, and L. Warnke. Lagrange Inversion Formula by Induction. The American
Mathematical Monthly 130.10 (2023): 944-948.

Applying it gives:

GTCpp1 = nl[z"|A(2) = (n — D)W (1 + L' (w))™
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Maximal Reticulated Galled TC-Networks (iii)

Recall,
GTC, 1= (n— D™ (1 + L' (w)™
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Maximal Reticulated Galled TC-Networks (iii)

Recall,
GTC, 1= (n— D™ (1 + L' (w)™

Theorem (Bender & Richmond; 1984)

Let S(z) be a formal power series with sg = 0,51 # 0 and ns,_1 ~ sy,
Then,

[2"](1 4+ S(2))" 8 ~ ae1ns,.

Note that [2"]L/(2) ~ v/2(2/e)"n™.
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Maximal Reticulated Galled TC-Networks (iii)

Recall,
GTC, 1= (n— D™ (1 + L' (w)™

Theorem (Bender & Richmond; 1984)

Let S(z) be a formal power series with sg = 0,51 # 0 and ns,_1 ~ sy,
Then,
[2"](1 4+ S(2))" 8 ~ ae1ns,.

Note that [2"]L/(2) ~ v/2(2/e)"n™.

Theorem (C. & Fuchs & Yu; 2024)
As n — oo,

2 n
GTCpp1~ ern /2 (e_Q) n2".

Yu-Sheng Chang (NCCU) Galled TC-Networks June 18th, 2024 16 /24



Counting Galled TC-Networks (ii)

Recall .
ar(v
ag(v
GTC, = ZH > ( ) (0),c(v) i (v)+3>
v j=0
where
L. - (2n —2)!
mh T on=T(n — g — 1)’
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Counting Galled TC-Networks (ii)

Recall
le(v C]f('U
GTCn = ZH Z ( ] ) c(v),e(v)—cig(v)+5 s
where
L. - (2n —2)!
wk T gn=T(y —k — 1)

Two Steps:
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Counting Galled TC-Networks (ii)

Recall .
ag(v
a(v
GTCp = ZH Z ( ) () c(v) —crg (v)+5
where
L. - (2n —2)!
mh T on=T(n — g — 1)’

Two Steps:

(i) Derive the asymptotics of Ly, , and OTC,,; already done in
previous work (and in fact easy);
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Counting Galled TC-Networks (ii)

Recall )
cir(v
a(v
GTC, = Z I1 Z ( ) (0),(v)—er(v)+5>
where
I .- (2n —2)!
R T Ty — - 1)l

Two Steps:

(i) Derive the asymptotics of Ly, , and OTC,,; already done in
previous work (and in fact easy);

(ii) Use the above formula to find matching (asymptotic) upper and
lower bounds.
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Counting Galled TC-Networks (iii)

The upper bound is given by

le
GTCn—ZH > (C“ ) e(o).cl)—ax(0)+5

’UJO

<ZHZ( ; ) s = S T[OTCopuy = Un.

’UJO

T v
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Counting Galled TC-Networks (iii)

The upper bound is given by

le
GTCn—ZH > (le ) e(o).cl)—ax(0)+5

v J =0
< ZHZ%( > c(v),0+j :ZT:HOTCC(”) =:U,.
v v

Thus, we can again use the Lagrange Inversion Formula and the result
of Bender & Richmond (1984).
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Counting Galled TC-Networks (iii)

The upper bound is given by

le
GTCn—ZH > (le ) e(o).cl)—ax(0)+5

v j=0

<2Hi( rerons = ZTT0TCw =

v j=0

Thus, we can again use the Lagrange Inversion Formula and the result
of Bender & Richmond (1984).

Lemma

As n — oo,
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Counting Galled TC-Networks (iv)

The following component graphs in 7’ C T, are dominating;:
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Counting Galled TC-Networks (iv)

The following component graphs in 7’ C T, are dominating;:

L, ;:ZT,HUZ].(.--) — L, <GTC, and L, ~ U,
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Counting Galled TC-Networks (iv)

The following component graphs in 7’ C T, are dominating;:

L, ;:ZT,HUZ].(---) — L, <GTC, and L, ~ U,

Theorem (C. & Fuchs & Yu; 2024)
As n — oo,

L smavm(2\" on
GTanmn e — | n".
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Galled TC-Networks with Few Reticulations
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Galled TC-Networks with Few Reticulations

Mansouri (2022) and Fuchs & Huang & Yu (2022) proved that:

2k=1./2 2\"
PN, i ~ TCp o ~ T\/— (_) k=1
: e

C. & Fuchs (2024) proved that

2k=1/2 /2\"
GNn,kNT\/_(—) nn+2k—1‘

(&
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Galled TC-Networks with Few Reticulations

Mansouri (2022) and Fuchs & Huang & Yu (2022) proved that:
2k=1y/2 (2\"
PN, ~ TCyp e ~ 22 2 p2k—1,
’ ’ k! e
C. & Fuchs (2024) proved that

2k—1\/§ 9 n 3

Theorem (C. & Fuchs & Yu; 2024)
For fixed k, as n — oo,

2k=1/2 /2\"
Y e
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Number of Reticulation Vertices (i)

R, ... # of reticulation nodes of a random network.
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Number of Reticulation Vertices (i)

R, ... # of reticulation nodes of a random network.

Theorem (C. & Fuchs & Liu & Wallner & Yu; 2024)

For tc-networks, the limiting distribution of n — 1 — R,, is Poisson with
parameter 1/2.
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Number of Reticulation Vertices (i)

R, ... # of reticulation nodes of a random network.

Theorem (C. & Fuchs & Liu & Wallner & Yu; 2024)

For tc-networks, the limiting distribution of n — 1 — R,, is Poisson with
parameter 1/2.

I, ... # of inner reticulation nodes of a random network.
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Number of Reticulation Vertices (i)

R, ... # of reticulation nodes of a random network.

Theorem (C. & Fuchs & Liu & Wallner & Yu; 2024)

For tc-networks, the limiting distribution of n — 1 — R,, is Poisson with
parameter 1/2.

I, ... # of inner reticulation nodes of a random network.
Theorem (Fuchs & Yu & Zhang; 2022)
For galled networks,

(In,n — Ry) -5 (I, R),

where for j > 0 and k& > —j,

o—7/8
167 5!

P(I=jR=k)= 277#1e/C?) (14 22 + 32%)7 .
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Number of Reticulation Vertices (ii)

Theorem (C. & Fuchs & Yu; 2024)
For galled tc-networks,

(In, R, —E(R,)

d
Var(R,,) > — LR),

where I and R are independent with

It Poisson(3/8) and RZ N(0,1).

In addition,

E(R,) =n —v/n+o(v/n) and Var(R,) = \/n/4 + o(v/n
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Level-k

6

Species-graph ] [ Normal Level-1

S. Kong, et al.Classes of explicit phylogenetic networks and their biological and
mathematical significance. Journal of Mathematical Biology 84.6 (2022): 47.
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Reference and Dedication

Y.-S. Chang, M. Fuchs, G.-R. Yu. Galled Tree-Child Networks.

Dedicated to Hsien-Kuei Hwang on his 60th birthday.
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Thanks for the attention!
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