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Fringe Aotrees
\
Le‘t TP be the set OF On (P\ﬂl‘{ﬁ\ P\OYE foo‘{:ed trees (oyde(co\ roo{:ed -brae5>.

For TGTP\, [T\ = Dve of T (,number of \fer-h’ces) v



Fringe Syotrees
Le‘t TP,@ the set OF On (P\ﬂl‘{ﬁ\ P\OYE foo‘{:ed trees CCJYerCO\ roo{:ed -brae5>.
For Té’ﬂ‘PI, IT| = exnze of T (number of Ver-h‘ces)

l —
Giwen TeT" ond a vertex veT, let Tv be the svbtree rooted at v



Fange Subtrees
Let Tplba the set of all (Finite) plane rcoted *trees ( orolered rooted trees).
For Te’ﬂ"’l, 1Tl = enze ofF T ( nomber of vertices)

Given TGTP’ ond a vertex veT, let Tv be the subtree rooted at v

Example. .

Thesz subtrees are called
pr\'ncae Subtrees .
— » TV =
We ave interested in [T of a given T
-




Frnge Syotrees
_ \ .
For TeT' tonsider the wndom Fringe abtee T

[
T =Tv where V s a Um‘Form rondom \rer-\fex in T



Fringe Syotrees

— | .
For TeT, onsider the wndom Fringe subtres T*

Aldous (192 O\ geneval and For mang imporfant examples ,

- [Landom recursive —Heef)
- @mar(ﬂ Search trees

_ Conditioned Ealton—Woatson trees



Aitree Coonts
For T,T‘e’WP:

N—‘\(T)-—- \[Vé’r)’rv’:——\-‘]l = Z_ ﬂ—[’T\,z’T‘]

veT

¢.e., the number of vaga sobtrees of T hot ave eaual ( V-2., 150 Mor phrc\{o '1_'.

Then the disribution of the  random Fr\‘ncje Sulptree T is given b‘j

S \ N_Tl(—r) Pl
T=T"]= — — T
W( \ |T' ) e 1.

Thua , the ﬁud\j the dstribution of T7 s e_qw\"\la\eﬂ‘t Yo SJon\g

N (7).



Ayree Counts

In our cose, T 15 o fandom tree .

\
* N (T) s a random vanable for each T'eT.P

* The dstribution oF T* is a random p{obab(\njrg dtributhon on T, with

| |
T'eTh



Galon - Watson Trees

Considey CGnd§Jc(oY\€d GW-1trees 4o have Size me N wikh ofFfspr ng dlS'h\‘ bution
£ on N, 2uch that  ELal=1 and oz:=Nar (&) (ond non-zero)

Thoorer. Adous (19a1) . Let T be a conddtoned Canticall G-W +tree

\
with ©2 2. For every Fixed 'T'é-'“':

« (T
cP(TIoT e = I P bt

( Wenchad \letfsxon\

m M— 02
e E N+ (Twl
e P(Tm=T) = —m — P(a=T) [ Annealed \lerson |
T s the Oorrespondmg onondadoned G-W tree

M)

PlT=T \ _“_ P; NG = 2 vertiees 1n T with out-degree ¢



Galton - Watson Trees

Let T bea COY\OH\'OY\QO' Cardical )l G-W tree ounth 0% Loo.
LeJG T be the Correspol\o\mg unmr\a\\Jﬂoned C/I’\N tree . Lot ‘W(ﬂz:l?(’\‘:’ﬂ, ’TeT.m

Theote.  + EL N7 (P )= M) + o(R)

e Var (Nt (1)) = m (e - (zrr\»|+<5’2\1\‘(‘rlz) + o0m

o Ny (Tw) = mmem J N (0 ’ T = 2ml-14 o2\ TCT)? ) |

A e

« Janssn (2001) | assuming a thid momerd ) ’ \
. Minami (2005) and Drmota (2oo9) (assuming an exponential moment

o Janson (201e) (in 9enero\ out o2ceo)



Galon - Watson Trees

Let Tw bea COY\CH\'OY\Qo' Candical ) G-W tree onth o2 o
let T be the Correspono\\na oncondifoned G-W tree. let wen=p(T=T), TeT'

Theote.  + EL N7 (P )= M (T + o(R)

« Var (N7 (7)) = m (rem - (zrr\»uc’zﬁ\‘(‘rlz) + o0m)

o Ny () —n T M J N (0 ) T = 2ml-14 o2\ TCT)? ) |
i m—

lemar K. Jonson (2016) (62<0). Extended it 10 a Mo tvariate Nersion e,

(N, (vwd .., N, () 5 Olf)(jw\p'\d‘\(Cd\\tj norma| (op £o rQhOfNUll'ZG'\’(Oﬂ)



T

lfees oIt 9\\1@0 \ler\ex deca e

For TeT and Vel , Let drn bethe ovb-degree of v (nomber oF children)
The degyee siadistic oF T isdhe segquence N1= (Nrci\)s0  where

rrcin= | TueT - drn=it)

15 the nuomber oF vertices ofF T with ¢ children. We hove

T\ = Z:;o NTCil = ‘+leSLnTC”-



T

fees Uo'\{\ﬂ 9\\1@0 \ler\ex deca eed

A sequence. of non-negotive iMtegers n= (Nci\izo i the degree Statistic of

aome tree 1F ard Oﬂl\j ' F %;ﬂ(\'\ =1 4+ %L NCi .



T

fees LOITN Open vertex deca (ces

A sequence. of non-negotive iMtegers n= (Nci\izo i the degree Statistic of

aome tree 1F ard Oﬂl\j ' F %;ﬂ(\'\ =1 4+ %éé NCi .

let  Inl- '_Z?_oncc\ be the =122 oF nNz=(nc\ 20,



Trees with Open vertex. degrees
A sequence. of non-negotive iMege’s n=(NciNizo i the degree Siatistic of
some tree iF ard onlﬁj F %ﬂc\‘\ =1+ %Oé Nnei .

let  Inl- ,—Z_,_onﬁ\ be the =122 oF nN=(ho\\i20

Let ’lrn‘J be the s=t of plane footed trees wyith degvee Slatistic n= (niizo



T

fees Uo'\{\ﬂ 9\\1@0 \ler\ex deca eed

A sequence of r\oﬂ—neqo)fi\re irﬂ—egerf) N=(NcVizo 1> the deqree slatistic of
some tree iF ard Onl‘j F 20 =0+ %oé, Nei .

let  Inl= ,—Z_,_on“\ be the =122 oF nN=(ho\\ 20

Let ’lrn‘J be the sct of plane rooted krees unith degree Shatistic n= (i

let Tn o~ Unif (Ta) (ie o oniform Lee unthn given de%vea Statistic n:(ntiﬂizo\

Phwan 2002\ | TF,:" =



T

rees Wil guen vertex degrees
A sequence. of non-negotive iMege’s n=(NciNizo i the degree Siatistic of

aome tree 1F ard O"lﬁj ' F %06\'\ = | + %écl nNei .

let Inl- ,—Z_,_on“\ be the =122 oF nN=(ho\\ 20
Let ’IT"J be the st oF plane rooted trees with degiee shatistic n= (naio

let Tn o Unif (’l\—i\ (V.e. o uniform Lree with given de%vea 6‘\0‘\(5‘\\'C\

D.Qmor\\. A G-W 'Uee, Cono\\Jc(oY\ed on ho«\lmg decjfee ﬁjra'\\‘ﬁ‘hc Nn=Cpein) 20, 19
onito VY\\g‘ O\\'S’\f \\)U\'QA oNn —W\: .



T

fees U\.)\JLV] 9\\16\(\ \IQ‘("\QX. d@% eed
For a de%vee §+a'\\$)flc N=Cncin 2o , o nate b:ﬁ o) = (PenM) (30 745
Cempir\'Co\\ degree dstribohon | i.e. )
Pg,(n\ = hG) ) (20
\nl
Qono\\Jcl'Of\. N, = (r\.;Cn\czo, E21, are deﬂvee 540-[:(5—\&5 S.t. a5 k—oco ,

[Nel — oo  and PNy — P; ,Where P= (Pro iS5 a p(obi\f‘hj d\%‘\‘r"bU‘\'Uﬁ on No,



Trees woitn Open Jertex. deca (ces

Qo(\dr\:l'cf\. N = (NeCit) (20, F2 1, are deﬂvee 6401‘[:("5'\[(‘5 3.t. AS k—oo

(Nel — oo and Pi(nk\ — P ’ Where P=(PNro 15 P(obf\.l\‘\'(j dlﬁ\‘rl‘bU‘\‘Un on No _

Thorem 1. Let Ta ~ Uniform (Tni\
N (T P

y \7((T T’M = —TYI\__ - TeCTY.
Nt (T
e P(Th=T) = £ o e (T,

where. Te(ri= TP . TeT, (u\n{\n 0°=|\

¢20

lemars. To(-) is the distribotion of a (uncondoned) G-WN ktree

with OFFspnY\g d\’s)mb\ﬂ\'or\ P=(f)izo .



T

fees LOITN Open vertex deca (ces

Qo(\dr\:l'cf\. N = (NeCit) (20, F2 1, are deﬂvee 6401‘[:("5'\[(‘5 3.t. AS k—oo

Nel— oo and  Pil) — P: , Where  P=(P\iro i5a Pro\oob\'\\)&‘j d\'sjrviboxﬂ'on on INo,

Theoren 2 Let Tao ~ Uniform (T:L\
e | N—\- L’rm\ = Me (TNl &+ o inat)

o \IO.V (NT (Tnz,\\ = (Tp (T\ + (Lp (T\ ‘“_p(.’r\z> lnul + O ([nbl)

v

o Nt (The) = Tpna (T INe | J N <o,1TpCr\+ Qp(T\Tp(T\Z) .
Jine P

where  Np(T) = (m,”z_zgw;?g_?l (‘heve olo=0).

120



Trees woithn Open vertex deca (ces
Theoren 2 Let Tao ~ Uniform (‘W:L\
o E N (Tae) = e (T W0kl 4+ o (et

e Nar (Nt () = (Tp (T) + e (T) TD(T\2> Il + o (Inel)

» N 7] = e TV INel 9\ (o,ﬂpLT\+er(—l\Trp(T\27
v Nl P

where (\p(T\ = (\T\fﬂz - ZM ( heve 010=0\

izo Pi
Lemar K. We al=ao p(oveo\ Q l\’\u\jr\\lan‘ajre Veralon,c.e.

(NT\ G R NTJ’“‘)\ '3 asgmp‘\cr\\ta\\g normo‘ (up {0 rQnOrmal(zaJr(Oﬂ)



Galon - Watson Trees
Let Tm bea condrioned (entical) oW tree with ofFspring distributon in
the domain of akbroction of a stable \aw of index e (1,2, ( 51:00\

T heotem,
Ny () = e J N (0 ) T - (2m- )T (M2 )

m N—/ N

T\ P

where T 15 the responding onconditoned G-W tree  and wen= P(T=T),



Sketch of Pofa (Theorermn L)

For xel and qe N, , (g = 2 (=) - - (-2 40) e g-th Fa\\w\g) Fo\clrov{ox\ of «

( Here (2)o=1. Note Enat (Vg =0 Whenever ~elNo and -3+ eo\



SKetch of Piofa ( Main \'r\ca(eo\ier\‘\'\
Theorern (Gao and Worrald (ZOO"\\\- let (Xmlwzy b2 o sequence of nonrv\ecjar\\‘\le r.V.

Spoze that pm ond om are positive real numbers a4, aa m—co

S <€ Mm << G-v%\

let 7 50 be a Fixed real nomber, Let ¢ e a constont, and suppose Forther £hat,

A9 M—oco , Umpovvv\\k{) for a\\ fﬂjf@geY Segquences CemImat with 02 Em e CHPm| 5,

Em 1 1om —Mm 2
[E’ (Xm\bm = Mm -exp(z - \*"vj\-n ™ +OC\\\,

Then,
jm—Mm _’A_* N (O,T).




SKetch of Picofs ( Main \'nca(eo\ier\‘\'\
Theorevn  (Molvoniote 6-W T\r\eovem\- For mne™ et (X, ., Xoun) be vectors of r\onﬂ{(ad‘l‘ive
c.N. Suppose Kot s and oin are positie reol numbers 5.5 For each 12 i2nn, s n—s,
Ein << Min €€ Tin
let M=(7)) bi=t beaPied modrin. Let cso be o constant , and suppose Forther thnat,

(16 M —oco , Uﬂi-POVYV\\K{) FOY G\\ (Y\’\T@%QY Sequences (tin\{’: U)\’U/'\ 0% Ein £CMin ld—m

A4 w [aa) r ) . ‘

I ki s HOinOyn—4&i Hin -

I W (-xi.n\t;n = l"\inn © ExXp (Z — _ = kinkjn + o (i) )
(,.’\ L:‘ W= H 'n r,lJn

Then,
(g, tgee) o Nlo,

5-\7\ d-mr\

X iy io Kronecker's dettq



SKetch of Paof2
lemma L. lek n=CnciVizo be a de%vee tatistic and lek T, ~Uniformn ('Wi\

For q,elN and TGTP\ St \h\lﬂ—rﬂ"ﬂ—-\'\,

(gt} = 0 T ragn o

(‘m\ﬂrrl-—grﬂ 120

D~€Can Nl = ch\ ond N lils - \QueT O\’YCV\:L‘—S\Il?_O



Aecall s

Qo(\dr\:l'Of\. N = (NeCit) (20, F2 1, are deﬂvee 5401‘[:("5"&‘5 3.t. AS k—oo

Nel— oo anad P — P, where P = (Pizo 5 a probo\r)\'\\)t‘j distribotion on No

Theoren 2 Let Tao ~ Uniform (Tri\
e | N—\- (frm\ = Me (TNl &+ o inat)

o \IO.V (NT (Tnz,\\ = (—n—p (T\ + (Lp (T\ T\_p(’r\z> lnul + O ([nbl)

+ N {The) - Tocnn (T I | 9 , N <O ST T+ 11, (:T\’\TP(T\Z)

v

NI B—os

where  Np(T) = (m-1)" - ZQ‘:{,C—\— ( here olo = o

120



Sketeh of Poofa (Theorenn oL )

x>\ aveal number
£ (e-\)

=
(btﬁ \Jsmg the 63'\(NU(‘\\10ﬂ , (=) = xF exp (“ —= 1 O L%ﬁ 0cke 2 X2 o.m‘mLeaer

)

We see Lot | For %= 9 =0 (10,

e
E(NT(TV\,)\%—_— _ T eV g

(MWgmi-g+ 20

9o )’L (T) INel - Mne ¢T)
Hne (T exe 2 Mae (T)

%uz + o(n)
)

where

— i)
Mae (TV = [Me | Toner (T = 1Nkl —“- P"mt\ﬂTC and 7\9 (Tl= TMe(T) + WP(T] Te(T)?

L20

Finally, we apply Gao-Wormald Theorem.
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