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Number of galls 𝒈 Exact value of 𝒄𝒈 Approximate 
value of 𝒄𝒈

𝑛2𝑔−3/2

0 𝛾

2 𝜋
0.3188

𝑛−
3
2

1 1

𝛾3 𝜋

0.3910
𝑛

1
2

2 1

3𝛾7 𝜋

0.0799
𝑛

5
2

3 2

45𝛾11 𝜋

0.0065
𝑛

9
2

4 1

315𝛾15 𝜋

2.8638 × 10−4
𝑛

13
2

5 2

14175𝛾19 𝜋

7.8062 × 10−6
𝑛

17
2

The subexponential portion 22𝑔−1

(2𝑔)!𝛾4𝑔−1 𝜋
𝑛2𝑔−3/2 = 𝑐𝑔𝑛2𝑔−3/2
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Summary

We show an explicit formula for the asymptotic enumeration of unlabeled binary 
non-plane galled trees with exactly 𝑔 galls. This includes unlabeled binary non-
plane trees with no galls. 

However, the subexponential growth, with the increase in the number of galls by 1, 

is greater by a factor of 4𝑛2

𝛾4(2𝑔+1)(2𝑔+2)
.

From this, the exponential growth of galled trees with any fixed number of galls is the 
same as that of unlabeled trees with no galls (different from that of all galled trees).
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Horizontal Gene Transfer



Phylogenetic Trees



Phylogenetic Trees



Phylogenetic Trees

https://www.worldhistory.org/article/1070/early-human-migration/



Phylogenetic Trees

Admixture

https://www.worldhistory.org/article/1070/early-human-migration/



Lecture Outline

Introduction – phylogenetic trees

Previous work – the enumeration of galled trees 
and galled trees with one gall

Novel work – the enumeration of galled trees with a 
fixed number of galls

Summary

Definition – galled trees



Galled Trees



Galled Trees

A rooted binary tree



A galled tree

Galled Trees

A rooted binary tree

Bienvenu et al 2022, Kong et al 2022



A galled tree

Galled Trees

A rooted binary tree

Bienvenu et al 2022, Kong et al 2022



A galled tree

Galled Trees

A rooted binary tree

Reticulation/
Hybrid node

Bienvenu et al 2022, Kong et al 2022



A galled tree

Galled Trees

A rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



A galled tree Not a galled tree

Galled Trees

A rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



A galled tree Not a galled tree

Galled Trees

A rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



A galled tree Not a galled tree

Galled Trees

Not a galled treeA rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



A galled tree Not a galled tree

Galled Trees

Not a galled treeA rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



A galled tree Not a galled tree

The smallest 
galled tree

Galled Trees

Not a galled treeA rooted binary tree

Reticulation/
Hybrid node

Hybridizing 
nodes

Bienvenu et al 2022, Kong et al 2022



Galled Trees



Definitions

Galled Trees



Definitions

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:



Definitions

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:

First, each reticulation node 𝑎𝑟  has a unique ancestor node 𝑟 such that exactly two 
non-overlapping paths of edges exist from 𝑟 to 𝑎𝑟



Definitions

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:

First, each reticulation node 𝑎𝑟  has a unique ancestor node 𝑟 such that exactly two 
non-overlapping paths of edges exist from 𝑟 to 𝑎𝑟

Ignoring the direction of edges, the two paths connecting 𝑟 and 𝑎𝑟  form 
a cycle 𝐶𝑟, known as a gall. 



Definitions

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:

First, each reticulation node 𝑎𝑟  has a unique ancestor node 𝑟 such that exactly two 
non-overlapping paths of edges exist from 𝑟 to 𝑎𝑟

Ignoring the direction of edges, the two paths connecting 𝑟 and 𝑎𝑟  form 
a cycle 𝐶𝑟, known as a gall. 

Second, the set of nodes in the gall 𝐶𝑟, associated with reticulation node 
𝑎𝑟, and the set of nodes in the gall 𝐶𝑠, associated with reticulation node 
𝑎𝑠, are disjoint. 



Definitions

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:

First, each reticulation node 𝑎𝑟  has a unique ancestor node 𝑟 such that exactly two 
non-overlapping paths of edges exist from 𝑟 to 𝑎𝑟

Ignoring the direction of edges, the two paths connecting 𝑟 and 𝑎𝑟  form 
a cycle 𝐶𝑟, known as a gall. 

Second, the set of nodes in the gall 𝐶𝑟, associated with reticulation node 
𝑎𝑟, and the set of nodes in the gall 𝐶𝑠, associated with reticulation node 
𝑎𝑠, are disjoint. 

Third (time consistency, normality), the ancestor node 𝑟 must be 
separated from 𝑎𝑟  by at least two edges.



Definitions

https://discoverandshare.org/2021/06/24/all-about-galls/

Galled Trees

A rooted galled tree is a rooted binary phylogenetic network in which three properties hold:

First, each reticulation node 𝑎𝑟  has a unique ancestor node 𝑟 such that exactly two 
non-overlapping paths of edges exist from 𝑟 to 𝑎𝑟

Ignoring the direction of edges, the two paths connecting 𝑟 and 𝑎𝑟  form 
a cycle 𝐶𝑟, known as a gall. 

Second, the set of nodes in the gall 𝐶𝑟, associated with reticulation node 
𝑎𝑟, and the set of nodes in the gall 𝐶𝑠, associated with reticulation node 
𝑎𝑠, are disjoint. 

Third (time consistency, normality), the ancestor node 𝑟 must be 
separated from 𝑎𝑟  by at least two edges.



Lecture Outline

Introduction – phylogenetic trees

Previous work – the enumeration of galled 
trees and galled trees with one gall

Novel work – the enumeration of galled trees with a 
fixed number of galls

Summary

Definition – galled trees



Rooted Unlabeled Binary Non-plane Trees



Rooted Unlabeled Binary Non-plane Trees



Rooted Unlabeled Binary Non-plane Trees

U 𝑡 = 𝑡 +
1

2
U2 𝑡 +

1

2
U(𝑡2)

Otter 1948, Comtet, 1974



Rooted Unlabeled Binary Non-plane Trees

U 𝑡 ~1 − 𝛾 1 −
𝑡

𝜌

𝜌 ≈ 0.4027 
𝛾 ≈ 1.1301 

Landau, 1977; Flajolet and Sedgewick, 2009

U 𝑡 = 𝑡 +
1

2
U2 𝑡 +

1

2
U(𝑡2)

Otter 1948, Comtet, 1974



Rooted Unlabeled Binary Non-plane Trees

U 𝑡 ~1 − 𝛾 1 −
𝑡

𝜌

𝜌 ≈ 0.4027 
𝛾 ≈ 1.1301 

𝑡𝑛 U 𝑡 ~
𝛾

2 𝜋
𝑛−

3
2𝜌−𝑛

Landau, 1977; Flajolet and Sedgewick, 2009

U 𝑡 = 𝑡 +
1

2
U2 𝑡 +

1

2
U(𝑡2)

Otter 1948, Comtet, 1974



Rooted Unlabeled Binary Non-plane Galled Trees

Agranat-Tamir et al, 2024



Rooted Unlabeled Binary Non-plane Galled Trees

Agranat-Tamir et al, 2024



Rooted Unlabeled Binary Non-plane Galled Trees

A 𝑡 = 1 + 𝑡 +
1

2
A2 𝑡 +

1

2
A 𝑡2 −

1

1 − A(𝑡)
+

A(𝑡)

2[1 − A(𝑡)]2
+

A(𝑡)

2[1 − A(𝑡2)]

Agranat-Tamir et al, 2024



Rooted Unlabeled Binary Non-plane Galled Trees

A 𝑡 = 1 + 𝑡 +
1

2
A2 𝑡 +

1

2
A 𝑡2 −

1

1 − A(𝑡)
+

A(𝑡)

2[1 − A(𝑡)]2
+

A(𝑡)

2[1 − A(𝑡2)]

𝑟 ≈ 0.2073;  𝛿 ≈ 0.2793

𝑡𝑛 A 𝑡 ~
𝛿

2 𝜋
𝑛−

3
2𝑟−𝑛

Agranat-Tamir et al, 2024



Rooted Unlabeled Binary Non-plane Galled Trees

A 𝑡 = 1 + 𝑡 +
1

2
A2 𝑡 +

1

2
A 𝑡2 −

1

1 − A(𝑡)
+

A(𝑡)

2[1 − A(𝑡)]2
+

A(𝑡)

2[1 − A(𝑡2)]

𝑟 ≈ 0.2073;  𝛿 ≈ 0.2793

𝑡𝑛 A 𝑡 ~
𝛿

2 𝜋
𝑛−

3
2𝑟−𝑛

Agranat-Tamir et al, 2024

1

𝑟
≈ 4.82; 

1

𝜌
≈ 2.48



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 is the number of galls; 𝑛 is the number of leaves



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑔 is the number of galls; 𝑛 is the number of leaves



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1

𝑔 is the number of galls; 𝑛 is the number of leaves



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1

𝑔 is the number of galls; 𝑛 is the number of leaves

No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2

𝑔 is the number of galls; 𝑛 is the number of leaves

No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2

𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3

𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4

𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

+14 more
𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

+14 more

𝑛 = 6

+47 more
𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

E1 𝑡 =
1

1 − U(𝑡)
−

1

1 − U 𝑡 2
+

U(𝑡)

2[1 − U(𝑡)]3
+

U(𝑡)

2[1 − U(𝑡)][1 − U(𝑡2)]

Agranat-Tamir et al, 2024

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

+14 more

𝑛 = 6

+47 more
𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

E1 𝑡 =
1

1 − U(𝑡)
−

1

1 − U 𝑡 2
+

U(𝑡)

2[1 − U(𝑡)]3
+

U(𝑡)

2[1 − U(𝑡)][1 − U(𝑡2)]

Agranat-Tamir et al, 2024

E1 𝑡 ~
1

2𝛾3(1 −
𝑡
𝜌

)
3
2

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

+14 more

𝑛 = 6

+47 more
𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Galled Trees with Exactly One Gall

E1 𝑡 =
1

1 − U(𝑡)
−

1

1 − U 𝑡 2
+

U(𝑡)

2[1 − U(𝑡)]3
+

U(𝑡)

2[1 − U(𝑡)][1 − U(𝑡2)]

Agranat-Tamir et al, 2024

𝑡𝑛 E1 𝑡 ~
1

𝛾3 𝜋
𝑛

1
2𝜌−𝑛E1 𝑡 ~

1

2𝛾3(1 −
𝑡
𝜌

)
3
2

𝑔 = 1

𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

+14 more

𝑛 = 6

+47 more
𝑔 is the number of galls; 𝑛 is the number of leaves

No trees No trees



Goal

Asymptotic enumeration of unlabeled galled trees 
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Lecture Outline

Introduction – phylogenetic trees

Previous work – the enumeration of galled trees 
and galled trees with one gall

Novel work – the enumeration of galled trees with a 
fixed number of galls

Summary

Definition – galled trees
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0 𝛾

2 𝜋
0.3188
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3
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1 1

𝛾3 𝜋

0.3910
𝑛

1
2

2 1
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0.0799
𝑛

5
2

3 2

45𝛾11 𝜋

0.0065
𝑛

9
2

4 1
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𝑛
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2

5 2
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𝑛
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The subexponential portion 22𝑔−1

(2𝑔)!𝛾4𝑔−1 𝜋
𝑛2𝑔−3/2 = 𝑐𝑔𝑛2𝑔−3/2
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Summary

We show an explicit formula for the asymptotic enumeration of unlabeled binary 
non-plane galled trees with exactly 𝑔 galls. This includes unlabeled binary non-
plane trees with no galls. 

However, the subexponential growth, with the increase in the number of galls by 1, 

is greater by a factor of 4𝑛2

𝛾4(2𝑔+1)(2𝑔+2)
.

From this, the exponential growth of galled trees with any fixed number of galls is the 
same as that of unlabeled trees with no galls (different from that of all galled trees).
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