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Number of galls 𝒈 Exact value of 𝒄𝒈 Approximate 
value of 𝒄𝒈

𝑛2𝑔−3/2

0 𝛾

2 𝜋
0.3188

𝑛−
3
2

1 1

𝛾3 𝜋

0.3910
𝑛

1
2

2 1

3𝛾7 𝜋

0.0799
𝑛

5
2

3 2

45𝛾11 𝜋

0.0065
𝑛

9
2

4 1

315𝛾15 𝜋

2.8638 × 10−4
𝑛

13
2

5 2

14175𝛾19 𝜋

7.8062 × 10−6
𝑛

17
2

The subexponential portion 22𝑔−1

(2𝑔)!𝛾4𝑔−1 𝜋
𝑛2𝑔−3/2 = 𝑐𝑔𝑛2𝑔−3/2
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Summary

We show an explicit formula for the asymptotic enumeration of unlabeled binary 
non-plane galled trees with exactly 𝑔 galls. This includes unlabeled binary non-
plane trees with no galls. 

However, the subexponential growth, with the increase in the number of galls by 1, 

is greater by a factor of 4𝑛2

𝛾4(2𝑔+1)(2𝑔+2)
.

From this, the exponential growth of galled trees with any fixed number of galls is the 
same as that of unlabeled trees with no galls (different from that of all galled trees).
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Lecture Outline

Introduction – phylogenetic trees

Previous work – the enumeration of galled trees 
and galled trees with one gall

Novel work – the enumeration of galled trees with a 
fixed number of galls

Summary

Definition – galled trees
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2 𝜋
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1 1
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0.3910
𝑛

1
2

2 1
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0.0799
𝑛

5
2

3 2

45𝛾11 𝜋

0.0065
𝑛

9
2

4 1
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𝑛
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2

5 2
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The subexponential portion 22𝑔−1

(2𝑔)!𝛾4𝑔−1 𝜋
𝑛2𝑔−3/2 = 𝑐𝑔𝑛2𝑔−3/2
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Summary

We show an explicit formula for the asymptotic enumeration of unlabeled binary 
non-plane galled trees with exactly 𝑔 galls. This includes unlabeled binary non-
plane trees with no galls. 

However, the subexponential growth, with the increase in the number of galls by 1, 

is greater by a factor of 4𝑛2

𝛾4(2𝑔+1)(2𝑔+2)
.

From this, the exponential growth of galled trees with any fixed number of galls is the 
same as that of unlabeled trees with no galls (different from that of all galled trees).
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